I. INTRODUCTION
Nonlinear magnetization dynamics of magnetic solitons exhibiting persistent magnetization motion show original features of high interest from a fundamental and technological point of view. 1, 2 Most of the theoretical studies of the soliton dynamics are based on the solution of Landau-LifshitzGilbert equation in its conservative form, or on the analysis of the relaxation processes from a perturbed configuration (achieved, for instance, via the application of a field pulse) towards a minimum in the energy landscape. [3] [4] [5] [6] [7] [8] [9] However, the discovery of the possibility to modify the magnetic state of a nanomagnet by means of the spin-polarized current 10 has opened a new route in the soliton dynamical studies and in their application in nanoscale microwave oscillators. 11 In spin-valves or magnetic tunnel junctions, where the ground state of the ferromagnet was a magnetic vortex, several experiments showed the possibility to excite vortex selfoscillations. 12, 13 In different geometries, where the spinpolarized current was non-uniformly injected via a nanoaperture, the excitation of vortex-antivortex pairs 14 and dissipative droplets 15, 16 was observed for in-plane and out-of plane magnetized ferromagnets, respectively.
In this paper, we present a systematic study of the dynamical properties of soliton modes excited in spin-valves which have a free layer with perpendicular to-sample-plane magnetic anisotropy (PMA). In detail, we study two different scenarios. In the first one, we are able to excite a soliton mode related to the rotation of two bubble/antibubble pairs localized near the nano-aperture with a sub-critical Hopf bifurcation at the critical current. The second scenario is in the framework of a very recent experimental study. 16 Here, we find out that the topological density of the dissipative droplet can be related to a single constrained bubble/antibubble pair.
The approach used in this paper, based on the characterization of the dynamical properties of a soliton mode via the time domain variation of the topological density, can be also useful in the fundamental understanding of non-uniform magnetization dynamics and for a better design of soliton spin-torque nano-oscillators.
The paper is organized as follows. Section II reviews and introduces concepts of different magnetic bubble static states. In Sec. III, the micromagnetic formulation used for our numerical experiment is presented. Sections IV and V describe the results obtained in the two different frameworks. Section VI is devoted to further discussions and conclusions.
II. OVERVIEW OF MAGNETIC BUBBLE STATES
Let us consider a ferromagnetic thin film with strong perpendicular anisotropy and thus suppose that the ferromagnetic state is when all spins are pointing either up or down. When the spins are pointing opposite to the ferromagnetic state in a small circular area then we call this area a magnetic bubble. Of course there is also a circular domain wall separating the bubble from the ferromagnetic state, and there are various possibilities for the domain wall (see, for example, Fig. 1 
in Ref. 2).
In order to characterize the complexity of the bubble structure (also called the topological structure), it is useful to consider the following formula:
where n ¼ m Á ð@ y m Â @ x mÞ and m is the magnetization normalized to its saturation value M S . The quantities n and N are the topological density and the skyrmion number; latter parameter is always an integer number for a bubble. The bubble with N ¼ 1 is usually simply called a bubble while the one with N ¼ À1 an antibubble. Higher skyrmion numbers indicate higher complexity of the structure. 2 The topological density n ¼ nðx; yÞ is defined at every point on the film. For the N ¼ 1 bubble, n has positive values at the domain wall and inside the bubble and it drops to zero outside it. For the N ¼ À1 antibubble, it simply has negative values around the wall and inside the bubble.
One interesting aspect to underline is that the magnetic domain which separates the reversed region related to the magnetic bubble from the rest of the ferromagnet could be not circular and the identification of the structure is difficult just by looking at them. In order to clarify the discussion, let us review some examples of various magnetic bubbles and bubble-antibubble pairs. Fig. 1 shows vector plots of the inplane magnetization (m x ,m y ), and the corresponding (colorcoded) plots (red positive-blue negative) of the topological density n(x,y) for different magnetic configurations. In all cases, the m z component of the magnetization (not shown) is m z ¼ þ1 outside the bubble and m z ¼ À1 inside the bubble (i.e., at roughly a circular region in the center of the figure).
In detail, Fig. 1 (a) refers to a magnetic bubble with N ¼ 1. The color-coded plot highlights that the topological density is mainly positive at the domain wall while it is zero elsewhere. Fig. 1(b) shows a magnetic bubble with N ¼ 0. We see a region where n > 0 and a region where n < 0. For this reason, the structure may also be viewed as a bubbleantibubble pair. Lastly, Fig. 1 (c) illustrates another structure with N ¼ 0. In this case, given that we have two regions of positive and two regions of negative topological density, we can view the structure as two bubble-antibubble pairs.
For the sake of clarity, in the rest of the paper we refer to the topological structures described in Fig. 1 as "soliton modes" being our study addressed to the dynamical behavior of the "bubbles."
III. MICROMAGNETIC MODELING
As underlined above, in this numerical experiment, we study two different scenarios. In the first part of the paper, a point-contact geometry with both the free layer and the polarizer composed of perpendicular materials is investigated. In the last part, we refer to the same experimental device of Ref. 16 composed of a nano-contact, an in-plane polarizer and a perpendicular free layer. As discussed later in the text, the soliton modes excited in those systems are different being characterized by topological densities similar to the ones displayed in Figs. 1(c) and 1(b), respectively. In both cases, the dynamics of the magnetization vector of the FL, M ¼ Mðt; rÞ, is governed by the Landau-Lifshitz-GilbertSlonczewski (LLGS) equation
where the first term on the right-hand side represents the conservative precessional motion around the effective magnetic field H eff . Here, c is the gyromagnetic ratio and H eff includes contributions from magnetostatic, exchange, Oersted, Zeeman, magnetostatic coupling, and magneto-crystalline anisotropy fields. The second term of Eq. (2) is the magnetic damping torque written in the traditional Gilbert form (a is the damping constant and M S ¼ jMj is the saturation magnetization of the FL). The last term is the Slonczewski spintransfer torque that is proportional to the bias current I. The function f ðr=R c Þ describes the spatial distribution of the current across the cross section of the nanocontact. The coefficient r is related to the dimensionless spin polarization efficiency e by r ¼ egl B =2eM S St FL , where g is the spectroscopic Land e factor, l B is the Bohr magnetron, e is the absolute value of the electron charge, t FL is the FL thickness, and S ¼ pR effective field in the PL. For the dynamical behavior, the LLGS equation is numerically solved by using a 3-D dynamical code. 17, 18 A. Spin-valve point-contact geometry
The spin valve consists of a soft thin ferromagnetic layer and a thick hard layer, usually referred as free layer (FL) and pinned layer (PL), respectively, separated by a nonferromagnetic spacer. On the top of the FL, a metallic contact is realized to let the current flow through the structure. In detail, PL is 10 nm thick and made of CoPt/CoNi, the spacer is 10-nm-thick Cu, and FL is CoNi. Its thickness, t FL , is a variable parameter of our analysis. The cross section of the spinvalve is circular with a diameter of 250 nm. The contact is circular as well, centrally positioned on the top of the FL, with a diameter of 40 nm (see Fig. 2(a) ). We used a 2D mesh of discretization cells having sizes 5 Â 5 Â t FL nm 3 
B. Continuous film nano-contact
The continuous film nano-contact is composed of a metallic nanocontact with a radius of 30 nm on the top of a Co/Cu/Co-[Ni/Co] x4 orthogonal thin film with a squared section (see Fig. 2(b) ). 16 The FL is 4 nm thick and presents a perpendicular-to-plane anisotropy that is defined by the value of the anisotropy constant,
. The saturation magnetization is M S ¼ 560 Â 10 3 A/m, and the exchange constant is set at A ¼ 1.3 Â 10 À11 J/m. The metallic spacer is 4 nm in thickness. Lastly, the pinned layer is 12-nm-thick cobalt, with saturation magnetization M SP ¼ 1500 Â 10 3 A/m. Differently from the previous system, an external magnetic field with a large amplitude of 1 T and inclination 75 out-of-plane is applied to the system in order to tilt out of plane the magnetization of the in-plane polarizer (we estimated a tilted angle of 11
). In our numerical experiments, we restrict our study to a limited square computational region as large as L Â L Â d FL ¼ 500 Â 500 Â 4 nm 3 , by using a 2D mesh of discretization cells having sizes 2:5 Â 2:5 Â 4 nm 3 . As discussed in a previous work, 20 to avoid the spurious spin-wave reflection from the computational boundaries we implement abrupt absorbing boundary conditions. Tests performed with L Â L Â d FL ¼ 750 Â 750 Â 4 nm 3 gives rise to qualitatively same results with a quantitative difference in the oscillation frequency within 5%.
IV. RESULTS: SPIN-VALVE POINT CONTACT GEOMETRY
The first set of numerical simulations focus on the dynamics excited by the spin-polarized current with no external field. Then, we simulate the behavior of the device when subject to an in-plane external bias field of 50 mT, applied along the x axis. All the simulations are performed starting from a parallel configuration of the magnetization.
A. Zero-field dynamics
A dissipative soliton mode is excited in the FL of the spin-valve when the applied current density is larger than a threshold value, J ON. We find that the oscillation amplitude at this critical current is finite, the oscillation axis is in the z-direction, and it is reversed of 180 with respect to the equilibrium configuration. Nonetheless, after it is excited, the soliton mode disappears for a smaller value of the current, J OFF . This additional presence of hysteresis in the excitation current is a clear indication that we are dealing with a subcritical Hopf-bifurcation. 21 Such a clear hysteretic behavior is systematically studied by determining the values of J ON and J OFF for different values of the FL thickness. Results are summarized in Fig. 3(a) . The thicker is the FL, the larger is the current density needed to excite the soliton mode. On the contrary the J OFF exhibits a smoother increase with the FL thickness. The magnetic configuration, however, is not static, as it is shown in Fig. 3(b) where the average components of the magnetization under the contact area along the x, y, and z directions are displayed, corresponding A/cm 2 and t FL ¼ 4 nm). In detail, each spin precesses around its equilibrium position keeping its z component constant. This happens both inside the reversed domain, where the magnetization precesses around the À1 position, and at its wall, where the magnetization rotates lying in the plane. Fig. 3(c) shows, as example, four snapshots of such a dynamical magnetic state related to the point 1-4 indicated in Fig. 3(b) . As can be noted, the area of the reversed domain does not change significantly in time domain for a fixed current value.
In order to better describe the achieved magnetic configuration, we calculate the topological density over the FL as a function of time. The result indicates that there are two regions where n is positive and two more regions where it is negative (Fig. 3(d) ). We can say that two bubble-antibubble pairs are nucleated (compare Fig. 3(d) with Fig. 1(c) ). In addition, the topological density configuration rotates counterclockwise as well as the magnetic configuration does (compare the four images in Fig. 3(d) to the ones in Fig. 3(c) ).
The behavior of this magnetic soliton, as a function of the applied current, is summarized in Fig. 4 (t FL ¼ 4 nm) . In particular, our simulations show that an increase of the current flowing through the structure leads to a decrease of the output frequency 15 and an increase of the area of the reversed domain. Qualitatively, the frequency reduction can be understood by considering that the time for a complete rotation of the topological density (strictly related to the output frequency) around the nano aperture is longer if the area of the reversed domain is larger.
The main experimental problem corresponding to this numerical framework is the measurement of the giantmagnetoresistive (GMR) signal which comes from the z component variation of the magnetization that here is small at zero field (as can be seen for example in Fig. 3(b) black line). For this reason, we have performed a similar analysis in the presence of an external in-plane field.
B. In-plane field dynamics
For an external magnetic field applied along the x-direction, we systematically computed the oscillation frequency as a function of the applied current density for three different values of the FL thickness. Fig. 5(a) shows that the frequency decreases with increasing current, similarly to what happened without external field. In addition, for a fixed value of the current, the thicker the FL, the higher is the output frequency. This aspect can be qualitative explained by the reduction of the out-of-plane demagnetizing field at larger thickness. 5(b) shows the magnetization dynamics along the x, y, and z directions for the point "B" (J ¼ 7 Â 10 6 A/cm 2 and t FL ¼ 3 nm) as indicated in Fig. 5(a) . As can be noted (Fig. 5(b) black line) , the in-plane external magnetic field of 50 mT is sufficient to give rise to a measurable oscillation of the z-component of the magnetization below the contact area which correspond to half of the maximum GMR signal achievable in those systems, therefore to the possibility of experimentally measuring the GMR signal.
The external field also modifies the structure of the excited mode. Actually, together with a rotational motion similar to the one obtained at zero field, a phenomenon of expansion and contraction of the reversed domain area is present. Moreover, it is possible to notice that the soliton mode enlarges while the in-plane component of the magnetization aligns with the field direction and shrinks while it goes to the opposite direction. Fig. 5(d) aims to show this feature by means of four different magnetization snap-shots.
V. RESULTS: CONTINUOUS FILM NANO-CONTACT
The numerical results obtained for the nano-contact geometry described at the point B of Sec. III are shown in the left column of Figs. 6 and 7. The frequency of the excited dynamics is about 30 GHz and slightly decreases with the applied current (Fig. 6(a)). Figs. 6(b) and 6(c) illustrate the average components of the magnetization under the contact area and the output spectrum, respectively, for an applied current of I ¼ 16 mA, corresponding to a current density of J ¼ 5.85 Â 10 8 A/cm 2 . The configuration of the magnetization is depicted in Fig. 7(a) , where a clear soliton structure appears. Once again, the magnetization does not reach the vertical position À1, but it precesses around it. The calculus of the topological density over the film, shown in Fig. 7(b) , highlights that the excited structure is a bubble-antibubble pair (see Fig. 1(b)  for comparison) . Such results confirm the experimental achievements; 16 nonetheless, we can say that the droplets observed in those experiments have, in this case, the structure of a partially developed bubble-antibubble. The key ingredient which is different from the previous numerical experiments is the presence of a large in-plane component (around 260 mT), which brings the symmetry of the system to favor the excitation of a bubble/antibubble pair instead of two couples of bubble/antibubble.
With the aim of finding dynamics with different features, we performed a systematic study by considering small variation of the main parameters of the structure. The most interesting achievements are obtained by decreasing the saturation magnetization of the FL. In these cases, in fact, a wide current range of self-modulation phenomenon is observed as well as it happened in the experiments. 16 The right column of Figs. 6 and 7 summarize the numerical results for M S ¼ 510 Â 10 3 A/m. In detail, by varying the applied current, we get a main frequency that does not change with respect to the previous case. Nonetheless, here, we can also see two sidebands that get closer to the central peak while the current is increased (see Fig. 6(a)-right) . The three components of the magnetization vary with a sinusoidal hull and the spectrum shows two bands at the sides of the main peak (see Figs. 6(b) and 6(c) that are obtained for I ¼ 16 mA, corresponding to a current density of J ¼ 5.85 Â 10 8 A/cm 2 ). The frequency distance between the main peak (still located at 30 GHz and representing the carrier signal) and the sidebands is about 9 GHz, which can be seen as the frequency of the modulating wave.
The snapshot of the magnetic configuration of the FL (Fig. 7(a)-right) shows a soliton mode where the reversed domain is separated by a non-circular domain wall. The presence of this distortion can be one of the sources of selfmodulation phenomenon experimental found. Such an effect arises also in the topological density configuration. For example, Fig. 7(b) shows the two main regions corresponding to the main bubble-antibubble pair and two smaller regions corresponding to a pair of bubble-antibubble that acts as modulating quantity.
The differences between the two cases represented by the left and the right columns of Figs. 6 and 7 can be figured out by considering that for a fixed current density a decrease of the FL saturation magnetization leads to an increase of the nonlinearities in the system and, therefore, to more complicated excited modes.
VI. DISCUSSIONS AND CONCLUSIONS
The numerical results described in the previous two sections merit further discussions. First of all, one could argue that the simple magnetic configuration in Fig. 1(a) (N ¼ 1) has the same vector structure as produced by the Oersted field. We have performed several simulations without and with Oersted field, and in all the cases the strength of this field is not enough to excite a soliton mode with the topological density as depicted in Fig. 1(a) . In other words, in these kind of structures, the dynamical response does not depend qualitatively on the Oersted field.
In both systems, after the current density is applied the stationary magnetization precession is reached from the uniform configuration in a short transient regime (<15 ns). In particular, in spin-valve nanopillars, the transient regime is strongly non-linear with the excitation of incoherent spinwaves. 22 Contrarily, for the continuous film case, the transient is characterized by a magnetization precession around the equilibrium configuration (coherent spin-waves), which increases up to the reversing of the magnetization oscillation below the nano-aperture. 22 This difference is related to the dimension of the free layer cross section: while in the first system the effects of the spatial confinement are important (the transient spin-waves propagate back and forth), in the second case they are negligible (the transient spin-waves propagate far from the nano-aperture with no reflection).
One more issue is that the obtained configurations are rather similar to the droplets shown in Refs. 1 and 15. In the former work, in fact, pairs of bubble/antibubbles propagating in the structure were studied. We have to note that our framework include a damping effect that is absent in the study of Ref. 1 . Basically, the damping losses are compensated only in the region where the current is injected, this gives rise to a restore damping force which maintains the soliton mode localized near that region.
In the scenario of Ref. 15 , the droplets move away from the area where the current is injected after its nucleation, the movement is driven by the presence of an external magnetic field gradient. In our systems, no field gradient is applied, and in addition, after the current is switched off, the solitons are not stable and they rapidly disappear.
Finally, we compare our results with the computations of Refs. 15 and 16. The dissipative droplet shown in Fig. 3 of Ref. 15 is obtained in the high simmetry case, i.e. when both free and fixed layers are perpendicular. It presents all vectors pointing to the same in-plane direction and the topological density n is zero everywhere. The scenario changes in Fig. 6 of Ref. 15 , where the Oersted field is taken into account and both the external field and the polarizer are nearly perpendicular to plane (as in our numerical framework). Here, the droplet seems to consist of half bubble and half antibubble in a way similar to our sketch in Fig. 1(b) and we can infer that the two regions are characterized by a topological density n with different sign. In conclusion, the results of the micromagnetic simulations described in Sec. V are qualitatively the same to the results of Fig. 6 of Ref. 15 and Fig. 3(a) of Ref. 16 ; however, here we classify the dissipative droplet in term of its topological density as bubble/antibubble pair.
From a general point of view, our results are important in the theoretical understanding on how to control the spatial structure of soliton modes for application in spintronics, magnonics, and domain wall devices.
